This paper is concerned with global existence, uniqueness, and asymptotic behavior, as time tends to infinity, of weak solutions to nonlinear thermoviscoelastic systems with clamped boundary conditions.
Abstract.
This paper is concerned with global existence, uniqueness, and asymptotic behavior, as time tends to infinity, of weak solutions to nonlinear thermoviscoelastic systems with clamped boundary conditions.
The constitutive assumptions for the Helmholtz free energy include the model for the study of phase transitions in shape memory alloys. To describe phase transitions between different configurations of crystal lattices, we work in a framework in which the strain u belongs to L°°. It is shown that for any initial data of (strain, velocity, absolute temperature) (uo,vo>#o) G L°° x Wq'°° xH1, there is a unique global solution (it, v,6) £ C([0, +oo]; L°°) xC(0, +oo); JTo1'00) fl L°°([0, +oo); W1'00) x C([0, +oo); H1). Results concerning the asymptotic behavior as time goes to infinity are obtained.
A new approach is introduced and more delicate estimates are derived to obtain the crucial L°°-norm estimate of u.
Introduction.
This paper is concerned with global existence, uniqueness, and asymptotic behavior, as time tends to infinity, of weak solutions to the following system of one-dimensional nonlinear thermoviscoelasticity:
Ut-vx = 0, ( Here u,v,cr,e,r), 6 , and q denote deformation gradient (strain), velocity, stress, internal energy, specific entropy, absolute temperature, and heat flux, respectively. We assume that the reference configuration is the unit interval [0, 1] .
For one-dimensional, homogeneous, thermoviscoelastic materials, internal energy, stress, entropy, and heat flux are given by the following constitutive relations: e = e(u, 9), a = a(u, 6,vx), rj = r)(u, 9), q = q{u, 9,6X), (1.4) which, in order to comply with the second law of thermodynamics expressed by the Clausius-Duhem inequality, must satisfy &(u, 9,0) = \j)u(u, 9), f/(u, 9) = -if>e(u, 9), (1.5) (<r(u, 9, w) -cr(u, 9,0))w > 0, q(u, 9, g)g < 0 (1.6) where ip = e -9r] is the Helmholtz free energy.
The following assumptions are made on our model: (i) The material has viscoelastic damping of rate type, i.e., dtp n cr = -+ fvx (1.7) ou with constant 7 > 0.
(ii) We assume that the heat flux q is proportional to 6X: q = -k9x (1.8) with constant k > 0.
(iii) Concerning the Helmholtz free energy tp, we assume that ip(u, 9) = -cv9 In9 + c\9 4-F\{u)9 + Fz(u), (1.9) with positive constants cv,c 1 and smooth functions , F2■ (iv) Concerning Fi,F2, to include the model for the study of phase transition problems in shape memory alloys (see Falk [7] , [8] ), we assume that Fx{u) = u2, F2{u) = u6 -c2ua -c3u2, c2,c3>0.
( [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] However, more general models with similar properties of F\, F2 can also be treated. Thus the system (1.1)-(1.3) turns out to be 13) where /1 = F[, f2 -F2, and a is given by a = fi(u)6 + f2(u)+yvx.
(1-14)
The equations (1.11)-(1.13) are supplemented by the following boundary conditions: Boundary conditions (1.15)-(1.16) physically mean that there is no heat flux through the boundary and the rod is clamped at both ends.
To describe martensitic phase transitions between different configurations of crystal lattices, we have to work in a framework in which u belongs to L°°. Therefore, we assume that (v) u0 £ L°°, vq £ Wo1'00, 90 € Hl with 90 > 0, for x £ [0,1]. Furthermore, the compatibility conditions i>o|x=o,i = 0 are satisfied.
Before stating and proving our results, let us first recall the related results in the literature. Dafermos [5] , Dafermos and Hsiao [6] , and Jiang [11] proved the global existence of a classical solution to the system of (1.1)-(1.3) for a class of solid-like materials with stress-free boundary conditions at least at one end of the rod. The asymptotic behavior of smooth solutions as time tends to infinity has been investigated in Luo's thesis [12] for a special class of solid-like materials in which e = cv6 and F2 = 0. Recently, Racke and Zheng [16] investigated the global existence, uniqueness, and asymptotic behavior of weak solutions to the model in shape memory alloys also with a stress-free boundary condition at least at one end of the rod. In all of these papers, a variant of Andrews' technique used in Dafermos [5] and Pego [15] was crucial to obtain a uniform a priori estimate on the £ 00-norm of u. However, this technique does not apply to the case where both ends of the rod are clamped. Thus the problem of global existence and uniqueness of classical solutions for the case in which both ends of the rod are clamped remained open for about ten years until the paper by Chen and Hoffmann [4] . Nevertheless, we should mention that in that paper the estimates on the solution crucially depend at least on the Z/^-norm of initial data of u. As a result, their technique is not applicable to our problem with u0 in L°°. In other words, to prove global existence of weak solutions, we have to adopt an entirely different approach. Besides, the estimates of the solutions that they obtained depended on T, an arbitrarily given length of time. Such estimates are enough to draw a conclusion on global existence, but not enough to study asymptotic behavior.
Because of these two main difficulties, in this paper new techniques have to be introduced and more delicate estimates have to be derived (refer, e.g., to Lemma 2.2 and Lemma 2.3 to deal with our problem.
Concerning other references in this direction, for the model in shape memory alloys, we refer to Niezgodka and Sprekels [13] for the local existence of solutions in the weak sense. After that paper, uniqueness and global existence were proved by Hoffmann and Zheng [9] , and by Niezgodka, Zheng, and Sprekels [14] . In the latter paper a viscous term for the temperature is introduced for the energy equation. We also refer to Sprekels and Zheng [18] and Hoffmann and Zochowski [10] for the global existence results for the model in shape memory alloys with the Helmholtz free energy density being a potential of Landau-Ginzburg form. Recently Sprekels, Zheng, and Zhu [19] obtained results on asymptotic behavior of solutions to the Laudau-Ginzburg model in shape memory alloys. We should also mention Andrews [2] , Andrews and Ball [3] , and Pego [15] for the purely viscoelastic case.
The notation in this paper will be as follows: Lp, 1 < p < oo, Wm'°°, m G N, H1 = W1'2, Hq = Wo'2 denote the usual (Sobolev) spaces on (0,1); || ■ ||s denotes the norm in the space B, || ■ || := || ■ \\L2-Ck(I,B), k G No denotes the space of fc-times continuously differentiable functions from I C K into a Banach space B; analogously: LP(I,B), 1 < p < oo; dt or ^ or a subscript t and dx or a subscript x denote the derivative with respect to t and x in the distribution sense, respectively.
We now define the weak solution to the problem (1.11)-(1.13) and (1. where
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This paper is organized as follows. In section 2 we shall get uniform a priori estimates of solutions with smooth initial data. In section 3 we follow the idea by Andrews to obtain global existence and uniqueness of weak solutions. The results on asymptotic behavior are obtained in section 4 by combining the results in section 2 with a basic lemma in analysis by Shen and Zheng [17] .
Uniform a priori estimates.
In this section we assume that initial data (uq, vq, 9q) are smooth functions. Therefore, as proved by Chen and Hoffmann [4] , problem In what follows we shall prove boundedness of uniformly in t. This will be done in a series of lemmata leading to the desired a priori estimates. Letters C, Ci will denote universal constants not depending on t, but at most on ||uo||l°°, 11 11 w1 • and H^oIIh1 of initial data. In the sequel, without loss of generality, we assume that c" = k = 7 = 1. Lemma 2.1. For any t > 0, the following estimates hold:
Proof. First, applying the maximum principle to (1.13), we find that
Next, multiplying (1.12) by v, adding the result to (1.13) and integrating with respect to x over fi, we arrive at A. Jo Jo (2.14) [ Mt)\\2 dr < f ||w(-r)||ioo dr < C. Therefore, it remains to prove (2.22). We divide the proof into three steps. Thus, the proof is complete. □ The following lemma gives a uniform a priori estimate on the L°°-norm of u and will play a crucial role in this paper. In what follows we prove that M is uniformly bounded by a positive constant depending only on the norm of uq, vo, Oq in L°° x W1'00 x H1. Recall that because initial data are assumed to be smooth in this section, by the result by Chen and Hoffmann [4] , the solution is smooth. Therefore, the mapping t -* q(xo,t), for this fixed xo G nH(x,y,t)a*ls(y,s)dyds.
C(x, t) = f f H(x,y,t -s)(7*u(y,s)dyds. Since all constants in all uniform a priori estimates in section 2 depend only on the L°° x Wl'°° x if1 norm of (u0,v0,60), it is easy to see that all estimates in section 2 still hold for weak solutions.
Asymptotic
behavior.
In this section we shall prove the results on asymptotic behavior of solutions given in Theorem 1.2. A convergence symbol »" is to be understood as t -> oo. We shall make use of the following basic lemma from Shen and Zheng [17] : <C(M2 + |M2 + ||0t||2).
Prom Lemmata 4.1, 2.7, and 2.6 it follows that KT-0. (4.8)
To prove ||vx|| -> 0, we take the expression (3.35) of vx into consideration.
It is easy to see that the first two terms on the right-hand side converge to zero in L2 as time tends to infinity. By (4.8), the third term also converges to zero in L2. Let the last term be Then £ satisfies (2.95)-(2.96). We easily deduce that K»2 + K-llJs«f + K,f
<C£||C*||2 + C(|M2 + ||0t||2).
Choosing e small enough and applying Lemma 2.6, Lemma 2.7, we get f\\a2dr<C f \\C,x\\2dr<C. Thus the proof is complete. □
